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CURVES ON SEGRE THREEFOLDS
EDOARDO BALLICO, KIRYONG CHUNG AND SUKMOON HUH
Abstract. We study locally Cohen-Macaulay curves of low degree in the
Segre threefold with Picard number three and investigate the irreducible and
connected components respectively of the Hilbert scheme of them. We also
discuss the irreducibility of some moduli spaces of purely one-dimensional sta-
ble sheaves and apply the similar argument to the Segre threefold with Picard
number two.
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1. Introduction
In this paper we study curves in Segre threefolds over the field of complex num-
bers C. There are three types of Segre threefolds: P3, P2 × P1 and P1 × P1 × P1.
In P3 the structure of the Hilbert scheme of curves has been densely studied by
many authors in the last half century. In [16] the connectedness of the Hilbert
scheme of curves is proven for the fixed degree and genus of curves, although it is
classically known that the locus of smooth curves may not be connected. Recently
there have been increased interests on the connectedness of the Hilbert scheme of
locally Cohen-Macaulay curves. Up to now, the connectedness has been established
only for very small degree [26] or for very large genus [18]. We recommend to see
[19] for further results and the state of the art on this problem.
Our main concern is on the connectedness of Hilbert schemes of locally Cohen-
Macaulay curves in X = P1 × P1 × P1 with very small degree. Smooth curves are
often the first to be studied and by the Hartshorne-Serre correspondence globally
generated vector bundles on X can have very close relation with smooth curves in
X . There is a classification of globally generated vector bundles on X with low first
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Chern class accomplished by the classification of smooth curves inX with very small
degree [3]. One of the advantages in the study of curves inX is that some irreducible
components that might appear in the Hilbert scheme in P3 may disappear in X so
that we can get simpler description of Hilbert schemes; for example, the Hilbert
scheme of curves in P3 of degree 3 and genus 0 has two irreducible components, one
with twisted cubics and the other with planar cubics plus extra point (see [29]).
The latter case cannot occur in X because X is scheme-theoretically cut out by
quadrics.
Our main result is as follows:
Theorem 1.1. Let H(e1, e2, e3, χ)+,red be the reduced Hilbert scheme of locally
Cohen-Macaulay curves C in X with tridegree (e1, e2, e3) and χ(OC) = χ.
(i) H(2, 0, 0, a)+,red is irreducible and rational for a ≥ 2;
(ii) H(2, 1, 0, a)+,red has the two irreducible components for a ≥ 3;
(iii) H(1, 1, 1, a)+,red is irreducible and rational for a ∈ {1, 3}, while H(1, 1, 1, 2)+,red
has the three connected components that are rational;
(iv) H(2, 1, 1, 1)+,red is irreducible and rational.
The main ingredient in the study of Hilbert schemes of locally Cohen-Macaulay
curves with low degree is a rational ribbon, i.e. a double structure on P1. Rational
ribbons and their canonical embeddings were studied in [5] and we adopt their
results to prove the irreducibility of the Hilbert schemes of double lines in X .
Then we investigate the intersecting property of the double lines with other lines
in X to investigate irreducible and connected components of the Hilbert schemes
respectively. We recommend to see [23, 24] for the study on the families of double
lines in projective spaces. It should be noted that the irreducibility of the space of
curves with fixed cohomology in P3 is investigated in [6]. And the description of
the other type of Hilbert scheme is studied in [1].
Let us summarize here the structure of this paper. In section 2, we introduce
the definitions and main properties that will be used throughout the paper, mainly
those related to Segre threefold, Hilbert tripolynomial and Hilbert schemes of locally
Cohen-Macaulay curves. In section 3, we pay attention to the Hilbert schemes of
curves with tridegree (2, 0, 0) and conclude their irreducibility using the double
structure on P1. We end the section with the description of the intersection of the
double lines with other lines in X , which will be used later on. In section 4, we
move forward to the Hilbert schemes of curves with tridegree (2, 1, 0), (1, 1, 1) and
(2, 1, 1), and describe their irreducible and connected components respectively. In
the proof of irreducibility of H(2, 1, 1, 1)+,red we use the moduli of stable maps. In
section 5, we deal with the wall-crossings among moduli space of stable pairs [20] to
investigate the irreducibility of some moduli spaces of stable purely 1-dimensional
sheaves on X . It turns out that there are no wall-crossings in our examples and it
enables us to reach our conclusion in an easy way based on the results on Hilbert
scheme of curves. Finally in section 6, we apply our arguments to the case of Segre
threefold with Picard number two.
We would like to thank the anonymous referee for pointing out a number of
critical mistakes in the first version of this article.
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2. Preliminaries
For three 2-dimensional vector spaces V1, V2, V3 over the field of complex numbers
C, let X ∼= P(V1)× P(V2)× P(V3) and then it is embedded into P7 ∼= P(V0) by the
Segre map where V0 = V1⊗V2⊗V3. It is known that X is the only Del Pezzo with
the maximal Picard number ̺(X) = 3. The intersection ring A(X) is isomorphic
to A(P1)⊗A(P1)⊗A(P1) and so we have
A(X) ∼= Z[t1, t2, t3]/(t
2
1, t
2
2, t
2
3).
We may identify A1(X) ∼= Z⊕3 by a1t1 + a2t2 + a3t3 7→ (a1, a2, a3). Similarly we
have A2(X) ∼= Z⊕3 by e1t2t3 + e2t3t1 + e3t1t2 7→ (e1, e2, e3) and A3(X) ∼= Z by
ct1t2t3 7→ c.
Let us denote the natural projection of X to ith factor by πi : X → P1 and we
denote π∗1OP1(a1)⊗π
∗
2OP1(a2)⊗π
∗
3OP1(a3) by OX(a1, a2, a3). Then X is embedded
into P7 by the complete linear system |OX(1, 1, 1)| as a subvariety of degree 6 since
(1, 1, 1)3 = 6. We also denote E ⊗ OX(a1, a2, a3) by E(a1, a2, a3) for a coherent
sheaf E on X . We also let πij : X → P1 × P1 denote the projection to (i, j)-factor,
i.e. πij(o1, o2, o3) = (oi, oj) for (o1, o2, o3) ∈ X .
Proposition 2.1. For a 1-dimensional sheaf F on X, there exists a tripolynomial
χF(x, y, z) ∈ Q[x, y, z] of degree 1 such that
χ(F(u, v, w)) = χF(u, v, w)
for all (u, v, w) ∈ Z⊕3.
Proof. This follows verbatim from the proof of [2, Proposition 2]. Let at + b ∈
Q[t] be the Hilbert polynomial of F with respect to OX(1, 1, 1). Take a divisor
D1 ∈ |OX(1, 0, 0)| such that D1 misses any 0-dimensional components (embedded
or isolated) of Supp(F) and does not contain any component of the 1-dimensional
reduced scheme associated to Supp(F). Then it gives us an injective map jD1 :
F(t, t, t)→ F(t+ 1, t, t) and so we have an exact sequence
(1) 0 −→ F(t, t, t) −→ F(t+ 1, t, t) −→ F(t+ 1, t, t)⊗OD1 −→ 0.
Similarly let us fix other divisors D2 ∈ |OX(0, 1, 0)|, D3 ∈ |OX(0, 0, 1)| and D ∈
|OX(1, 1, 1)| to define maps jD2 , jD3 and jD with exact sequences as in (1).
Let us set l := h0(F(t + 1, t, t)⊗ OD1), m := h
0(F(t, t + 1, t)⊗ OD2) and n :=
h0(F(t, t, t+ 1)⊗OD3) that are independent on t. We claim that χ(F(u, v, w)) =
lu + mv + nw + b for all (u, v, w) ∈ Z⊕3. From the exact sequence for D, we
have l + m + n = h0(F(t + 1, t + 1, t + 1) ⊗ OD) = a and so the claim is true if
u = v = w. In general let us assume u ≥ v ≥ w without loss of generality. Then we
get χ(F(u, v, w)) = χ(F(w,w,w))+ l(u−w)+m(v−w), using the exact sequences
for D1 and D2 several times. 
Definition 2.2. We call the linear tripolynomial in Proposition 2.1 the Hilbert
tripolynomial of F for a purely 1-dimensional sheaf F , i.e. χF (x, y, z) = e1x +
e2y + e3z + χ for some (e1, e2, e3, χ) ∈ Z⊕4. In particular, the Hilbert polynomial
of F with respect to OX(1, 1, 1) is defined to be χF (t) = χF(t, t, t). We also call
χOC (x, y, z) the Hilbert tripolynomial of a curve C.
LetH(e1, e2, e3, χ) be the Hilbert scheme of curves in X with the Hilbert tripoly-
nomial e1x+e2y+e3z+χ, and letH(e1, e2, e3, χ)
sm
be the open locus corresponding
to smooth and connected curves.
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Definition 2.3. A locally Cohen-Macaulay (for short, locally CM) curve inX is a 1-
dimensional subscheme C ⊂ X whose irreducible components are all 1-dimensional
and that has no embedded points. Equivalently OC is purely 1-dimensional.
We denote by H(e1, e2, e3, χ)+ the subset of H(e1, e2, e3, χ) parametrizing the
locally CM curves with no isolated point. In particular we haveH(e1, e2, e3, χ)
sm ⊂
H(e1, e2, e3, χ)+.
Remark 2.4. Let C be an integral projective curve. By the universal property
of fibered product there is a bijection between the morphisms u : C → X and the
triples (u1, u2, u3) with ui : C → P1 any morphism. The set u(C) is contained in
a 2-dimensional factor of X if and only if one of the u1, u2, u3 is constant. We say
that a constant map has degree zero. With this convention we may associate to
any u a triple (deg(u1), deg(u2), deg(u3)) ∈ Z
⊕3
≥0 and u(C) is a curve if and only
if (deg(u1), deg(u2), deg(u3)) 6= (0, 0, 0). Now assume that u is birational onto its
image. With this assumption for all (a1, a2, a3) ∈ Z⊕3, we have
u(C) · OX(a1, a2, a3) = a1 deg(u1) + a2 deg(u2) + a3 deg(u3).
In particular the degree of the curve u(C) is deg(u1) + deg(u2) + deg(u3).
Lemma 2.5. Let C ⊂ X be a locally CM curve with the tridegree (e1, e2, e3). If
the tridegree of Cred is (b1, b2, b3) with bi = 0 for some i, then we have ei = 0.
Proof. In general, if ui : C → P1 is the ith-projection with fi the length of the
generic fibre of ui, then C has tridegree (f1, f2, f3). Now let us assume i = 3, i.e.
b3 = 0. The restriction of the projection π3|C : C → P
1 has degree e3. Similarly
π3|Cred : Cred → P
1 has degree b3 = 0. Thus π3|Cred has finite image and so does
π3|C . In particular, we have e3 = 0. 
3. Double lines
Notation 3.1. Throughout this article by a line we mean a CM curve with tridegree
(1, 0, 0), (0, 1, 0) or (0, 0, 1). A double line is by definition a double structure on a
line. For each a ∈ Z, let Da be the subset ofH(2, 0, 0, a)+ parametrizing the double
lines.
For the moment we take Da as a set. In each case it would be clear which scheme-
structure is used on it. Since X is a smooth 3-fold, [4, Remark 1.3] says that each
B ∈ Da is obtained by the Ferrand construction and in particular it is a ribbon in
the sense of [5] with a line of tridegree (1, 0, 0) as its support. Let Ca be the unique
split ribbon with χ(OCa) = a and every ribbon is split for a ≥ 1 by [4, Theorem
1.2]. Each f ∈ Aut(Ca) induces an automorphism f˜ of P1 and the map f 7→ f˜ is
surjective. Thus we get dimAut(Ca) ≥ 3. Since Ca is equipped with a specification
of a normal direction at each point of P1, so we have Aut(Ca) ∼= Aut(P1). In
particular, we have dimAut(Ca) = 3.
Theorem 3.2. The description on Da is as follows:
(1) Da is non-empty if and only if a ≥ 2. It is parametrized by an irreducible
and rational variety of dimension 2a− 1.
(2) We have Da = H(2, 0, 0, a)+ for a ≥ 3
(3) H(2, 0, 0, 2)+ is isomorphic to Hilb
2(P1 × P1), the Hilbert scheme of two
points in P1 × P1. In particular, it is smooth, irreducible, rational and of
dimension 4.
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Proof. Fix [A] ∈ Da and set L := Ared. The curve A is a locally CM curve of
degree 2 with L ∼= P1 as its support (see [4, Remark 1.3]) and so it is a ribbon
in the sense of [5]. The projection π1 induces a morphism π1|A : A → P1 whose
restriction to L = Ared is the isomorphism π1|L : L→ P1. Thus A is a split ribbon
(see [5, Corollary 1.7]). Thus OA fits into an exact sequence
(2) 0 −→ OL(a− 2) −→ OA −→ OL −→ 0,
which splits as an exact sequence of OL-modules.
Since L is a complete intersection in X of two planes of type (0, 1, 0), (0, 0, 1) ∈
Pic(X), the Koszul resolution for IL shows that IL/I2L
∼= O⊕2L . In particular the
normal bundle NL|X is trivial and double lines supported on L are parametrized
by the surjective morphism in Hom(O⊕2L ,OL(a − 2)) as in [23, Introduction] and
[25, Proposition 1.4]. It proves part (1). The part (2) follows because two disjoint
lines have genus −1.
For the part (3), note that the maps split when a = 2, showing that A is
a complete intersection. Let E be the subset of H(2, 0, 0, 2)+ parametrizing two
disjoint lines of tridegree (1, 0, 0). Since h1(NC) = 0 for every [C] ∈ E, we have
H(2, 0, 0, 1)+ is smooth at each point of E and of dimension h0(NC) = 4. Obviously
H(2, 0, 0, a)+,red = E∪D2, and E is irreducible and rational. We have dim(D2) = 3
and so it is sufficient to prove that at each [B] ∈ D2 the scheme H(2, 0, 0, a)+ is
smooth and it has dimension 4. Fix [B] ∈ D2. Since B has only planar singularities,
it is locally unobstructed (see [22, 2.12.1]). Hence H(2, 0, 0, a)+ has dimension
at least χ(NB) at [B] by [22, Theorem 2.15.3]). Since D2 is irreducible, we get
χ(NA) = χ(NE) for all [A], [E] ∈ D2. If B is contained in a smooth quadric surface
T ∈ |OX(1, 1, 0)|, then NB ∼= O
⊕2
B and so χ(NB) = 4. In this case we also have
h1(NB) = 0 by (2).
Claim: There is a connected 0-dimensional subscheme Z ⊂ P1 × P1 of degree
2 such that B ∼= L× Z.
Proof of Claim: For each connected 0-dimensional subscheme Z ⊂ P1 × P1 of
degree 2, we have L × Z ∈ D2. Since the set of all such Z is smooth, irreducible,
complete and 3-dimensional, we get the assertion. 
There are two types of connected 0-dimensional subscheme Z ⊂ P1×P1 of degree
2: the ones are contained in a ruling of P1×P1 and the other ones are the complete
intersection of two elements of |OP1×P1(1, 1)|. Thus our double lines B’s are the
complete intersection of two elements of |OX(0, 1, 1)|. Hence even for these B’s we
have h1(NB) = 0, concluding the proof of the smoothness of H(2, 0, 0, a)+.
Obviously Claim holds also for the reduced [C] ∈ H(2, 0, 0, a)+ with Z a reduced
subscheme of P1 × P1 of degree 2. Thus we get H(2, 0, 0, a)+ ∼= Hilb
2(P1 × P1),
which is isomorphic to the blow-up of the symmetric product Sym2(P1×P1) along
the diagonal. 
Remark 3.3. From the proof of Theorem 3.2 each double line in Da is associated
to the triple (L, f, g) with L ⊂ X a line of tridegree (1, 0, 0) and f, g ∈ C[x0, x1]a−2
with no common zero, where x0 and x1 are homogeneous linear forms on L.
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Remark 3.4. Fix an integer a ≥ 2 and any [A] ∈ Da. For (u, v) ∈ Z⊕2, we have
(3)
h0(OA(t, u, v)) h1(OA(t, u, v)) h2(IA(t, t, t))
−1 ≤ t t+ a 0 0
−a+ 1 ≤ t ≤ −2 t+ a− 1 −t− 1 −t− 1
t ≤ −a 0 −2t− a −2t− a
Indeed we have h2(IA(t, t, t)) = h
1(OA(t, t, t)) for all t, since h
1(OX(t, t, t)) =
h2(OX(t, t, t)) = 0. Now the table follows from (2) by setting L := Ared, because it
is a split exact sequence as OL-sheaves.
Since h1(OL(a− 2)) = 0, the exponential sequence associated to (2)
0 −→ OL(a− 2) −→ O
∗
A −→ O
∗
L −→ 1
gives that the restriction map Pic(A) → Pic(L) is bijective, as in the proof of [5,
Proposition 4.1]. Thus we have OA(c, u, v) ∼= OA(c, c, c) for all (c, u, v) ∈ Z⊕3 and
OA(c, c, c) is the only line bundle on A whose restriction to L is OL(c, c, c). Hence
the table (3) computes the cohomology groups of all line bundles on A.
Remark 3.5. Take [A] ∈ D2. We saw in the proof of part (3) in Theorem 3.2 that
A is either the complete intersection of two elements of |OX(0, 1, 1)|, the case in
which Z is not contained in a ruling of P1 × P1, or a complete intersection of an
element of |OX(0, 0, 1)| (resp. |OX(0, 1, 0)|) and an element of |OX(0, 2, 0)| (resp.
|OX(0, 0, 2)|), the case in which Z is contained in a ruling of P1×P1. In both cases
we have h1(IA(t, t, t)) = 0 for all t 6= 0 and h1(IA) = 1.
Lemma 3.6. For a ≥ 2, fix [A] ∈ Da with L := Ared.
(i) For a line L′ ⊂ X different from L, we have deg(A∩L′) ≤ 2. Moreover we
have A ∩ L′ = ∅ if and only if L ∩ L′ = ∅.
(ii) The following set is a non-empty irreducible and rationally connected vari-
ety of dimension 2a+ 1;
{(B,L′) | [B] ∈ Da, L
′ a line of tridegree (0, 1, 0) with B ∩ L′ = ∅} .
(iii) The tangent plane TpA at a point p ∈ L is a plane containing L and con-
tained in the 3-dimensional tangent space TpX.
(iv) TpA ∩X is the union of the three lines L,L1, L2 of X through p, where L1
of tridegree (0, 1, 0) and L2 of tridegree (0, 0, 1). We have deg(A ∩ Li) = 2
if and only if TpA is the plane spanned by L ∪ Li.
Proof. Since L and L′ are different, so deg(A ∩ L′) is a well-defined non-negative
integer, and we have deg(A∩L′) = 0 if and only if A∩L′ = ∅, i.e. L∩L′ = ∅. Since
L has tridegree (1, 0, 0), there is (o, o′) ∈ P1× P1 such that L = P1 ×{(o, o′)}. The
complement of P1 × {o′} in P1 × P1 parametrizes the set of all lines T of tridegree
(0, 1, 0) with T ∩ L = ∅. The other assertions are obvious. 
Lemma 3.7. For [A] ∈ H(2, 0, 0, 2)+, there exists a line R ⊂ X of tridegree (0, 1, 0)
with deg(A∩R) ≥ 2, i.e. deg(A∩R) = 2 if and only if there exists Q ∈ |OX(0, 0, 1)|
that contains A. In this case Q is unique, A ∪R ⊂ Q and there is a 1-dimensional
family of such lines R.
Proof. The lemma is obvious if A is a disjoint union of two lines, say A = P1 ×
{(o2, o3)}∪P1×{(p2, p3)}, because the existence of R is equivalent to o3 = p3. Now
assume [A] ∈ D2, say associated to (L, f, g) with L := Ared and (f, g) ∈ C2\{(0, 0)}.
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Write L = P1×{(p2, p3)}. Since P1×P1×{p3} is the only element of |OX(0, 0, 1)|
containing L, the uniqueness part is obvious. Assume the existence of a line R ⊂ X
of tridegree (0, 1, 0) with deg(A ∩R) ≥ 2. By Lemma 3.6 we have deg(A ∩R) = 2
and R ∩L contains a point, say p = (p1, p2, p3). For each point q = (q1, p2, p3) ∈ L
the pull-backs via the projections πi for i = 2, 3, of a non-zero tangent vector of P1
at pi form a basis of NL,q ∼= C2. Since A has tridegree (2, 0, 0), so the map π2|A is
induced by an element of H0(OA), i.e. by an element c ∈ H0(OL) due to (2) with
a = 2 and π2(L) = {p2}. The condition deg(A ∩ R) = 2 is equivalent to saying
that π2|A vanishes at p. Since c is a constant, π2|A vanishes at all points of L, i.e.
A ⊂ P1 × P1 × {p3}. 
4. Irreducibility of Hilbert schemes
Theorem 4.1. We have
H(2, 1, 0, 1)+ ∼= P
5 × P1.
Proof. It is sufficient to prove that for each [C] ∈ H(2, 1, 0, 1)+ there is Q ∈
|OX(0, 0, 1)| such that C ∈ |OQ(1, 2)|, which would give us a morphism from
H(2, 1, 0, 1)+ to P5 × P1. Its inverse map is obviously defined. If C is reduced,
then π2|C shows that each irreducible component of C is smooth and rational.
Since χ(OC) = 1, so C is connected. Since C is reduced, connected and of tride-
gree (2, 1, 0), the scheme π3(C) is a point and so there is a point o ∈ P1 such
that C ⊂ P1 × P1 × {o}. Now assume that C is not reduced. By Lemma 2.5 and
Theorem 3.2 we see that C = A ∪ R with [A] ∈ Da for a ≥ 2 and R a line. Since
deg(A ∩ R) ≤ 2 and χ(OC) = χ(OA) + 1 − deg(A ∩ R), so we get a = 2 and
deg(A ∩R) = 2. We may now apply Lemma 3.7. 
Remark 4.2. The proof of Theorem 4.1 shows that for each [C] ∈ H(2, 1, 0, 1)+
there isQ ∈ |OX(0, 0, 1)| such that C ∈ |OQ(1, 2)|. Hence we have hi(IC(u, v, w)) =
hi(IC′(u, v, w)) for all i ∈ {1, 2, 3}, (u, v, w) ∈ Z⊕3 and [C], [C′] ∈ H(2, 1, 0, 1)+.
Lemma 4.3. For a fixed [A] ∈ Da with a ≥ 3, define S to be the set of all lines
R ⊂ X with tridegree (0, 0, 1) and deg(A ∩ R) ≥ 2. Then S is a non-empty finite
set and deg(A ∩R) = 2 for all R ∈ S.
Proof. Set L := Ared. We have χ(OB) = 2 < a for every B ∈ |OP1×P1(0, 2)| and
so π12|A : A → P1 × P1 is not an embedding by [17, Proposition II.2.3]. Thus
we have S 6= ∅. Fix R ∈ S. Lemma 3.6 gives deg(A ∩ R) = 2 and so there is a
unique point o ∈ L∩R. R is the unique line of tridegree (0, 0, 1) containing o. The
condition deg(A ∩ R) = 2 is equivalent to the condition that the plane 〈L ∪ R〉 is
the tangent plane of A at o. Hence we have deg(A∩L1) = 1 only for the line L1 of
tridegree (0, 1, 0) containing o. Set Q := π12(L)× P1 ∈ |OX(0, 1, 0)|. Assume that
S is infinite. We get that Q contains infinitely many tangent planes of A and so
each tangent plane of A is contained in Q. Therefore we have deg(A ∩ T ) ≤ 1 for
all lines T ⊂ X of tridegree (0, 1, 0) and so π13|A : A → P1 × P1 is an embedding
by [17, Proposition II.2.3]. We saw that this is false. 
Remark 4.4. Let us fix a double line [A] ∈ Da with a ≥ 3, that is associated to
the triple (L, f, g) with L ⊂ X a line of tridegree (1, 0, 0) and f, g ∈ C[x0, x1]a−2
with no common zero. For a fixed point p = (o1, o2, o3) ∈ L and the line R ⊂ X of
tridegree (0, 1, 0) passing through p, we have 1 ≤ deg(R ∩ A) ≤ 2. Indeed we have
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deg(R ∩ A) = 2 if and only if f vanishes at p. Since a > 2, there exists at least
one line R with this property and at most (a − 2) such lines exist. If f is general
(and in particular if A is general), then f has (a − 2) distinct zeros and so there
are exactly (a− 2) lines R of tridegree (0, 1, 0) with deg(A ∩R) = 2.
Theorem 4.5. For each integer a ≥ 4, we have
H(2, 1, 0, a)+,red = S0 ∪ S1 ∪ S2,
where we have [C] ∈ Si for i ∈ {0, 1, 2} if and only if C = A∪R where [A] ∈ Da+i−1
and R is a line of tridegree (0, 1, 0) with deg(A ∩R) = i. Furthermore we have
• S0 is an irreducible component of H(2, 1, 0, a)+,red with dim(S0) = 2a− 1;
• S2 is irreducible with dim(S2) = 2a+ 1;
• S1 is irreducible with dim(S1) = 2a and S1 ⊂ S2;
• S0 and S2 are the irreducible components of H(2, 1, 0, a)+,red.
Proof. Fix [C] ∈ H(2, 1, 0, a)+,red and then C is not reduced, because we assumed
a ≥ 4. By Lemma 2.5 and Theorem 3.2 we have C = A ∪ R where [A] ∈ Dc for
some c ≥ 2 and R is a line of tridegree (0, 1, 0) with deg(A ∩R) = c+ 1− a. Since
0 ≤ deg(A ∩ R) ≤ 2, we have c ∈ {a − 1, a, a + 1} and so we get a set-theoretic
decomposition H(2, 1, 0, 1)+,red = S0 ∪ S1 ∪ S2.
Now we check that S0 and S1 are irreducible. For [A] ∈ Da−1, the set of all lines
R with R∩A = ∅ is a non-empty open subset of P1×P1. By Theorem 3.2, S0 is non-
empty, irreducible, rational and of dimension 2(a−1)−1+2 = 2a−1. For [A] ∈ Da,
set L := Ared and then a line R of tridegree (0, 1, 0) satisfies deg(A ∩R) > 0 if and
only if R∩L 6= ∅. By Lemma 4.3 the set of all such lines R is a non-empty smooth
rational curve. Hence S1 is rationally connected, irreducible and of dimension 2a.
Since the support of each element of S1 ∪ S2 is connected, we have S0 * S1 ∪ S2,
and so S0 is an irreducible component of H(2, 1, 0, a)+,red.
For [A] ∈ Da+1, Remark 4.4 shows that the set of all lines of tridegree (0, 1, 0)
with deg(A∩R) = 2 is non-empty and finite. So we get S2 6= ∅ and each irreducible
component of S2 has dimension 2a+ 1.
Claim: S2 is irreducible.
Proof of Claim: Let I be the set of all pairs (A, p) with [A] ∈ Da+1, p ∈ Ared
and there is a line R ⊂ X of tridegree (0, 1, 0) with p ∈ R and deg(R ∩ A) = 2.
Then it is sufficient to prove that I is irreducible. For a fixed line L ⊂ X of
tridegree (1, 0, 0) and g ∈ C[x0, x1]a−1 with g 6= 0, we define U(L, g) be the set of
all [A] ∈ Da+1 associated to a triple (L, f, g) for some f , and let IL,g be the set of
all pairs (A, p) with [A] ∈ U(L, g), p ∈ L and there is a line R ⊂ X of tridegree
(0, 1, 0) with deg(R ∩ A) = 2. The irreducibility of IL,g is equivalent to the well-
known irreducibility of the set of all pairs (f, p) with p ∈ P1, f ∈ C[x0, x1]a−1 \ {0}
vanishing at p. Thus I is irreducible and so is S2. 
Now it remains to prove that S1 ⊂ S2. Fix a general A ∪ R ∈ S1 with A
associated to a triple (L, f, g) and set {p} := R ∩ L. Since deg(R ∩ A) = 1, we
have f(p) 6= 0. For a general A ∪ R we may assume that g(p) 6= 0. Let S ⊂ L be
a finite set containing all zeros of f and g and the point x0 = 0, but with p /∈ S.
Set z := x1/x0 and let f1, g1 the elements of C[z] obtained by dehomogenizing f
and g. For a general A we may assume that deg(f1) = deg(g1) = a − 2. Let ∆
denote the diagonal of (L \ S) × (L \ S). For all (u, v) ∈ ((L \ S) × (L \ S)) \∆,
set fu,v := (z − u)f1 and gu,v := (z − v)g1. Let f˜u,v(x0, x1) (resp. g˜u,v(x0, x1)) be
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the homogeneous polynomial associated to fu,v (resp. gu,v). Let Au,v denote the
element of Da+1 associated to (L, f˜u,v, g˜u,v) and let Ru the line of tridegree (0, 1, 0)
passing through the point of L associated to u. We got a flat family {Au,v∪Ru}u∈∆
of elements of S2. As (u, v) tends to (p, p), we get that A ∪R is a flat limit of this
family. 
Theorem 4.6. We have
H(2, 1, 0, 3)+,red = T ∪ T1 ∪ T2,
where each curve [C] ∈ Ti for i ∈ {1, 2} is of the form A∪R where [A] ∈ Di+2 and
R is a line of tridegree (0, 1, 0) with deg(A ∩ R) = i. A general element of T is a
disjoint union of three lines. Furthermore we have
• T is an irreducible component of H(2, 1, 0, 3)+,red with dim(T ) = 6;
• T2 is an irreducible with dim(T2) = 7;
• T1 is irreducible with dim(T1) = 6 and T1 ⊂ T2;
• T and T2 are the irreducible components of H(2, 1, 0, 3)+,red.
Proof. Fix [C] ∈ H(2, 1, 0, 3)+,red and then C is reduced if and only if it is the
disjoint union of three lines, two of tridegree (1, 0, 0) and one of tridegree (0, 1, 0).
The set A of all such curves is a non-empty open subset of P2 × P2 × P2 and so A
is smooth, irreducible and rational with dim(A) = 6. Note that A is not complete
since A ( P2 × P2 × P2.
Now assume that C is not reduced. By Lemma 2.5 and Theorem 3.2 we have
C = A ∪ R where [A] ∈ Dc with c ≥ 2 and R is a line of tridegree (0, 1, 0) with
deg(A ∩R) = c− 2. Since 0 ≤ deg(A ∩R) ≤ 2, so we have c ∈ {2, 3, 4}. Let Ti be
the set of all C = A ∪R with deg(A ∩ R) = i. As in the proof of Theorem 4.5 we
see that Ti 6= ∅ for all i. Set T := A ∪ T0 to be the set of all disjoint unions of an
element of H(2, 0, 0, 2)+,red and a line of tridegree (0, 1, 0). Since the reduction of
each element of T1 ∪T2 is connected, so we have T 6⊆ T1 ∪ T2. By the case a = 2 of
Theorem 3.2, T0 is in the closure of A and so T is irreducible. As in the proof of
Theorem 4.5, we get that T2 is irreducible and T1 ⊂ T2. 
InH(1, 1, 1, 1) we have a family of curves formed by three lines through a common
point. Denote the locus of such curves by D and we have D ∼= X .
Lemma 4.7. H(1, 1, 1, 3)+,red is irreducible, smooth and rational of dimension 6.
Proof. Fix a curve [C] ∈ H(1, 1, 1, 3)+ and then C is reduced by Lemma 2.5. We
also have χ(OC) = −2 and so C has at least three connected components. Thus
C is a disjoint union of three lines, one line for each tridegree (1, 0, 0), (0, 1, 0)
and (0, 0, 1). Hence set-theoretically H(1, 1, 1, 3)+,red is irreducible, rational and
of dimension 6. Since NC ∼= O
⊕2
C , we have h
1(NC) = 0 and so H(1, 1, 1, 3)+ is
smooth. 
Lemma 4.8. H(1, 1, 1, 2)+ has three connected components and each of them is
smooth and rational of dimension 7.
Proof. Fix [C] ∈ H(1, 1, 1, 2)+ and then C is reduced again by Lemma 2.5. We
have χ(OC) = −1 and so C has at least two connected components. One of these
connected components must be a line. Since χ(OC) 6= −2 and deg(C) = 3, so C is
not the union of three disjoint lines. Hence C has a unique connected component
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of degree 1. The three connected components of H(1, 1, 1, 2)+ are distinguished by
the tridegree of their degree 1 component.
With no loss of generality we may assume that C has a line L of tridegree
(1, 0, 0) as a connected component, say C = L ⊔ D with D of tridegree (0, 1, 1).
We have D = {o} ×D′ for a point o ∈ P1 and a conic D′ ∈ |OP1×P1(1, 1)|. Since
|OP1×P1(1, 1)| is irreducible and of dimension 3, we get that each connected compo-
nent ofH(1, 1, 1, 2)+,red is irreducible, rational and of dimension 7. Since NL ∼= O
⊕2
L
andND ∼= OD⊕OD(1, 1) with L∩D = ∅, so we get h1(NC) = 0 and soH(1, 1, 1, 2)+
is smooth. 
Proposition 4.9. H(1, 1, 1, 1) is irreducible, unirational of dimension 6 and smooth
outside D.
Proof. Let us fix [C] ∈ H(1, 1, 1, 1). By Lemma 2.5 every 1-dimensional component
of C is generically reduced, i.e. the purely 1-dimensional subscheme E of Cred has
tridegree (1, 1, 1). We have χ(OC) ≥ χ(OD) for each connected component D of E
and equality holds if and only if D = C. Since we have χ(OD) ≥ 1, we get C = D,
and so C is connected and reduced.
(a) First assume that C is irreducible. Since π1|C : C → P1 has degree 1,
so C is smooth and rational. In particular we get [C] ∈ H(1, 1, 1, 1)sm. Since
πi|C : C → P1 for i = 1, 2, 3, is induced by the complete linear system |OP1(1)|, so
H(1, 1, 1, 1)sm is homogeneous for the action of the group
Aut0(X) = PGL(2)× PGL(2)× PGL(2).
Thus the algebraic set H(1, 1, 1, 1)smred is irreducible and unirational. To show that
H(1, 1, 1, 1)sm is smooth and of dimension 6, it is sufficient to prove that h1(NC) = 0
and h0(NC) = 6. Note that we have χ(NC) = 6. Since X is homogeneous, TX
is globally generated and so is TX|C . Since NC is a quotient of TX|C, so NC
is also globally generated. Since C ∼= P1, we get h1(NC) = 0. Indeed we have
NC ∼= OP1(2)⊕OP1(2); The normal bundle NC is a direct sum of two line bundles,
say of degree z1 ≥ z2 with z1 + z2 = 4. Since NC is a quotient of TX|C, which is
the direct sum of three line bundles of degree 2, we get z1 = z2 = 2.
(b) By part (a) it is sufficient to prove that H(1, 1, 1, 1) is smooth at each
reducible curve [C] 6∈ D and that each reducible element of H(1, 1, 1, 1) is in the
closure of H(1, 1, 1, 1)sm.
(b1) Now assume that C has two irreducible components, sayC = D1∪D2 with
D1 a line. Since χ(OC) = 1 and the scheme C is reduced with no isolated point and
arithmetic genus 0, so it is connected. Since pa(C) = 0, we get deg(D1 ∩D2) = 1.
In particular C is nodal and so NC is locally free. Without loss of generality we may
assume that D1 has tridegree (1, 0, 0) and so D2 is a smooth conic with tridegree
(0, 1, 1). We have ND1
∼= O⊕2D1 and ND2
∼= OD2 ⊕OD2(0, 1, 1). Since NC is locally
free, we have a Mayer-Vietoris exact sequence
(4) 0 −→ NC −→ NC|D1 ⊕NC|D2 −→ NC|D1∩D2 −→ 0.
Since deg(D1 ∩D2) = 1 and C is nodal, the sheaf NC|D1 (resp. NC|D2 ) is a vector
bundle of rank 2 obtained from ND1 (resp. ND2) by making one positive elementary
transformation atD1∩D2 (see [15, §2], [31, Lemma 5.1], [30]), i.e. NDi is a subsheaf
of NC|Di and its quotient NC|Di/NDi is a skyscraper sheaf of degree 1 supported
on the point D1 ∩ D2. Since h1(D2, ND2) = 0, we get h
1(NC|D2 ) = 0. We also
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get h1(D1, NC|D1 ) = 0 and that NC|D1 is spanned. Since deg(D1 ∩ D2) = 1 and
NC|D1 is spanned, so the restriction map H
0(D1, NC|D1 )→ H
0(D1∩D2, NC|D1∩D2 )
is surjective. Thus (4) gives h1(NC) = 0 and so H(1, 1, 1, 1) is smooth of dimension
6 at [C]. Since the set of all such curves C has dimension 5, so [C] is in the closure
of H(1, 1, 1, 1)sm.
(b2) Now assume that C has at least three components, i.e. C = D1∪D2∪D3
with each Di a line. First assume that C is nodal. In this case one of the lines,
say D2, meets the other lines. As in step (a) we first get h
1(ND2∪D3) = 0 and then
h1(NC) = 0. Thus H(1, 1, 1, 1) is smooth of dimension 6 at [C]. Since the set of all
such C has dimension 4, we get that [C] is in the closure of H(1, 1, 1, 1)sm. Now
assume that [C] ∈ D, say C = A1 ∪ A2 ∪ A3 with a common point p. We can
deform A1 in a family of lines intersecting A2 at a point different from p and not
intersecting A3. Thus even in this case [C] is in the closure of H(1, 1, 1, 1)
sm. 
Lemma 4.10. H(2, 1, 1, 1)sm is irreducible, unirational and smooth with dimension
8. Each [C] ∈ H(2, 1, 1, 1)sm is a smooth and connected rational curve with tridegree
(2, 1, 1).
Proof. Since no plane cubic curve is contained in X and the intersection of two
quadric surfaces in P3 has 4t as its Hilbert polynomial, [C] ∈ H(2, 1, 1, 1)sm is a
quartic rational curve. By Remark 2.4, a general element in
V = H0(OP1(2))
⊕2 ×H0(OP1(1))
⊕2 ×H0(OP1(1))
⊕2
gives an isomorphism α : P1 → X onto its image and so there is an open subset V0 ⊂
V with the universal family V0 ⊂ V0 ×X . Since V0 is flat, so it gives a surjection
Y0 → H(2, 1, 1, 1)sm by the universal property of the Hilbert scheme. Since V0
is rational, so H(2, 1, 1, 1)sm is unirational. Now fix a curve [C] ∈ H(2, 1, 1, 1)sm.
Since C is a twisted cubic curve, so by adjunction we have
OP1(−2) ∼= ωC ∼= det(NC)⊗OX(−2,−2,−2)
and so det(NC) ∼= OP1(6). It implies that NC ∼= OP1(a) ⊕ OP1(b) with a + b = 6.
Now from the surjection TX|C → NC , we get that NC is globally generated and
so a, b ≥ 0. In particular we have h0(NC) = 8 and h1(NC) = 0. Indeed we have
NC ∼= OP1(4)⊕OP1(2). 
Let us write H(2, 1, 1, 1)+,red = Γ1 ⊔Γ2, where Γ1 consists of the reduced curves
and Γ2 consists of the non-reduced curves.
Lemma 4.11. Γ1 is irreducible withH(2, 1, 1, 1)
sm as its open subset. In particular,
each [C] ∈ Γ1 is connected and irreducible components of C are smooth rational
curves. Furthermore we have h1(IC(t)) = 0 for all t ∈ Z.
Proof. For a fixed curve [C] ∈ Γ1, let T be any irreducible component of C. Since
either T is a fiber of π12 or π3|T has degree one, so T is smooth and rational. Assume
for the moment the existence of a connected curve C′ ⊆ C with pa(C′) > 0. Since
pa(C) = 0, we have deg(C
′) ≤ 3. Since C′ is reduced, we get that C′ is a plane
cubic, contradicting the fact that X contains no plane and it is cut out by quadrics
in P7. The non-existence of C′ implies that C is connected. Let C1, . . . , Ch be
the irreducible components of C with h ≥ 2 in an ordering so that if h ≥ 3, then
Ei := C1 ∪ · · · ∪ Ci is connected for all 2 ≤ i ≤ h − 1. Fix an integer i with
1 ≤ i ≤ h − 1. Since Ei and Ei+1 are connected with arithmetic genus zero, we
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have deg(Ci+1 ∩ Ei) = 1. Since TX ∼= OX(2, 0, 0) ⊕ OX(0, 2, 0) ⊕ OX(0, 0, 2), so
the Mayer-Vietoris exact sequence
0 −→ TX|Ei+1 −→ TX|Ei ⊕ TX|Ci+1 −→ TX|Ei∩Ci+1 −→ 0
and induction on i give h1(TX|C) = 0. Since the natural map TX|C → NC
has cokernel supported on the finite set Sing(C), we have h1(NC) = 0 and so
H(2, 1, 1, 1)+ is smooth at [C]. If C is nodal, by induction on i we get that each Ei
is smoothable and in particular C is smoothable in X , i.e. [C] is contained in the
closure of H(2, 1, 1, 1)sm in H(2, 1, 1, 1).
Now assume that C is not nodal and then we get 3 ≤ h ≤ 4. If h = 3 and we
may find an ordering so that deg(C1) = 2, deg(C2) = deg(C3) = 1 and C1, C2, C3
contain a common point, say p, and neither C2 nor C3 is the tangent line of C1
at p. Since p ∈ C2 ∩ C3, the lines C2 and C3 have different tridegree and so we
may fix C1 ∪ C2 and move C3 in the family of all lines meeting C2 and with the
tridegree of C3. Thus we may deform C to a nodal curve and hence again we get
that [C] is contained in the closure of H(2, 1, 1, 1)sm in H(2, 1, 1, 1). If h = 4, then
each irreducible component of C is a line. Since two of these components have the
same tridegree, so C has a unique triple point and we may use the argument above
for the case h = 3.
Now a Mayer-Vietoris exact sequence gives h0(OEi(1)) = deg(Ei) + 1 for all i
even in the non-nodal case. In particular h0(OC(1)) = 5. Let M ⊂ P7 be the linear
span of C. Since h0(OC(1)) = 5, we have dim(M) ≤ 4. Let H ⊂ M be a general
hyperplane. Assume for the moment dim(M) = 4. In this case C is linearly normal
inM . The scheme H∩C is the union of 4 points. Since C is connected and linearly
normal in M , we have h1(M, IC(t)) = 0 for all t ≤ 1. The case t = 1 of the exact
sequence
(5) 0 −→ IC,M (t− 1) −→ IC,M (t) −→ IC∩H,H(t) −→ 0
gives that C∩H is formed by 4 points ofH spanning H . Hence h1(H, IC∩H,H(t)) =
0 for all t > 0. By induction on t, (5) gives h1(M, IC,M (t)) = 0 for all t ≥ 2. To
conclude we only need to exclude that dim(M) < 4. We have dim(M) > 2, because
X is cut out by quadrics and contains no plane. Now assume dim(M) = 3. Since
X contains no plane and no quadric surface, X ∩M is an algebraic set cut out by
quadrics and with connected components of dimension at most 1. X ∩M is not
the complete intersection of two quadrics of M , because X ∩M contains the degree
4 curve C and pa(C) = 0. Since h
0(M,OC) = 1, the case t = 1 of (5) gives that
C ∩H spans the plane H . Hence h1(H, IC∩H,H(2)) = 0. Since h1(M, IC,M (1)) = 1
and H ∩C is formed by 4 points spanning the plane H , the case t = 2 of (5) gives
h1(M, IC,M (2)) ≤ 1 and hence h0(M, IC,M (2)) ≤ 2, a contradiction. 
Theorem 4.12. H(2, 1, 1, 1)+,red is irreducible.
Proof. By Lemma 4.11 it is enough to show that Γ2 ⊂ Γ1. Fix [C] ∈ Γ2, i.e. C is
not reduced. By Lemma 2.5 Cred has tridegree (1, 1, 1) and the nilradical of OC is
supported by a line L of tridegree (1, 0, 0). There is a unique reduced curve E ⊂ C
with E of tridegree (0, 1, 1). E is either a disjoint union of two lines or a reduced
conic. Set J := AnnOC (IE,C). The OC -sheaf J is the ideal sheaf of a degree
2 structure supported by L, possibly with embedded components. Let C′ be the
curve with J as its ideal sheaf and A the maximal locally CM subcurve of C′, which
is obtained by taking as its ideal sheaf in C the intersection of the non-embedded
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components of a primary decomposition of IC′ . The curve A is a locally CM curve
of degree 2 with L := P1 as its support, i.e. [A] ∈ Da for some a ≥ 2. We have
χ(OA) = a.
(a) Assume for the moment that E is a reduced conic and let 〈E〉 be the
plane spanned by E. Since X contains no plane cubic, we have deg(L ∩ 〈E〉) ≤ 1.
Considering a general hyperplane H ⊂ P7 containing 〈E〉 with L * H , we get
deg(A ∩ 〈E〉) ≤ 2 and so deg(A ∩ E) ≤ 2. Thus we have χ(OA) ≥ a − 1 and so
a = 2 = deg(A ∩ E). It implies that deg(L ∩ E) = 1. Set Z := A ∩ E. Since E
is connected, there is o ∈ P1 such that E ⊂ {o} × P1 × P1 and so E = {o} × E′
with E′ ∈ |OP1×P1(1, 1)|. Since Z ⊂ E ⊂ {o} × P1 × P1, there is a 0-dimensional
subscheme Z ′ ⊂ E of degree 2 such that Z = {o} × Z ′. Since deg(A) = 2, Z
is the scheme-theoretic intersection of A and {o} × P1 × P1. By Theorem 3.2 A
is smoothable, i.e. there are an integral curve ∆ with o ∈ ∆ and a flat family
{At}t∈∆ with A = Ao and At a disjoint union of two lines for all t ∈ ∆ \ {o}. Set
Zt := At ∩ {o} × P1 × P1. We have Zt = {o} × Z ′t for a 0-dimensional subscheme
Z ′t ⊂ P
1 × P1 of degree 2 with Z ′o = Z
′ and Z ′t reduced for all t ∈ ∆ \ {o}. Fix a
general q ∈ E′. Decreasing ∆ if necessary, we may assume q /∈ Z ′t for any t and so
|OZ′t∪{q}(1, 1)| contains a unique curve, say E
′
t. Since q ∈ E
′, we have E′o = E
′.
Set Et = {o} × E′t. The algebraic family {At ∪ Et}t∈∆ is a flat family. Since
[At ∪Et] ∈ Γ1 for t 6= o, so we have [Ao ∪ Eo] ∈ Γ1.
(b) Now assume that E is a disjoint union of two lines, say L1 of tridegree
(0, 1, 0) and L2 of tridegree (0, 0, 1). Since deg(Li∩L) ≤ 1 and Li is a smooth curve,
we have deg(Li ∩A) ≤ 2. With no loss of generality we may assume deg(A∩L1) ≥
deg(A∩L2). We have χ(OC) = χ(OA) + 2− deg(E ∩A) = a+2− deg(E ∩A) and
a ≥ 2. Thus we get either
• a = 2 with deg(L1 ∩ A) = 2 and deg(L2 ∩ A) = 1, or
• a = 3 with deg(L1 ∩ A) = deg(L2 ∩A) = 2.
Let us show that the locus Γ2b of these types of curves, is contained in Γ1
(cf. [7, Proposition 5.10]). Note that the space Γ2b is a P1 (or its open subset)-
bundle over (P1 × P1) × ((P1 × P1) \ D), where D is the diagonal. Here the first
P1 × P1 parameterizes the supporting line of the double lines A and the second
(P1 × P1) \D parameterizes the ordered pairs (L1, L2) of two lines. Also the fiber
P1 ∼= PExt1(OC ,OL(−1)) parameterizes the non-split extensions:
(6) 0 −→ OL(−1) −→ F −→ OC −→ 0,
where C = L ∪ L1 ∪ L2.
Consider the moduli space M(X, β) of stable maps f : C′ → X of genus 0 and
f∗[D] = β ∈ H2(X) of tridegree (2, 1, 1). Let Θ2b be the locus of stable maps
f : C′ = L′ ∪ L′1 ∪ L
′
2 −→ X
with f(C′) = C = L ∪ L1 ∪ L2 such that deg(f|L′) = (2, 0, 0), deg(f|L′1) = (0, 1, 0)
and deg(f |L′2) = (0, 0, 1). Then one can easily see that Θ2b is a P
2-bundle over
(P1 × P1)× ((P1 × P1) \D) where P2 parameterizes the degree two stable maps on
L. To apply the modification method as in [8], we need to choose a smooth chart
of M(X, β) at [f ]. In fact, around [f ], from [27, Theorem 0.1], the space of maps
M(X, β) can be obtained as the SL(2)-quotient
M(X, β) ∼=M(P1 ×X, (1, β))/Aut(P1)
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of the moduli space M(P1 ×X, (1, β)) of stable maps in P1 ×X of bidegree (1, β)
where Aut(P1) = SL(2) canonically acts onM(P1×X, (1, β)) (cf. [9, §3.1]). Among
the fiber over [f ] along the GIT-quotient map, if we choose a graph map f ′ such
that the restriction on L′ is of bidegree (1, (2, 0, 0)) which doubly covers P1 ×
L ⊂ P1 ×X , then f ′ has the trivial automorphism. Hence, around [f ], the space
M(P1 × X, (1, β)) is a smooth chart which is compatible with the SL(2)-action.
Thus the argument in [8, Lemma 4.6] about the construction of the Kodaira-Spencer
map of the space of maps can be naturally applied in our situation.
Now let us compute the normal space of Θ2b by the same method as did in the
proof of [8, Lemma 4.10]. Consider the long exact sequence:
0→ Ext0(ΩC ,OC)→ Ext
0(ΩX ,OC)→ Ext
0(N∗C/X ,OC)
ψ
→ Ext1(ΩC ,OC)→ Ext
1(ΩX ,OC) = 0
The last term is zero by the convexity ofX and Ext0(N∗C/X ,OC)
∼= H0(NC/X) ∼= C6
because of the smoothness of H(1, 1, 1, 1). Since C has two node points, so we get
Ext1(ΩC ,OC) = C2. Therefore ker(ψ) in the above means the deformation of C,
while keeping the two node points. That is, this is the deformation space of the
base space of Θ2b. On the other hand, as a similar computation did in the proof of
[8, Lemma 4.10], we obtain the following commutative diagram
0 // ker(ψ) //
ζ

Ext0(N∗C/X ,OC)
//

Ext1(ΩC ,OC) //
∼=

0
0 //
T[f]M(X,β)
T[f]M(C,β)
// H0(f∗N∗C/X ,OC′)
// Ext2([f∗ΩC → ΩD],OC′) // 0.
Hence the normal space of Θ2b is coker(ζ), which is isomorphic to Ext
0(N∗C/X ,OL(−1))
obtained from the exact sequence 0→ OC → f∗OC′ → OL(−1)→ 0. Moreover the
Kodaira-Spencer map T[f ]M(P1×X, β)→ Ext
1
X(f∗OC′ , f∗OC′) (For the definition,
see (4.11) in [8]) descends to the normal space which is compatible with the map
NΘ2b/M(X,β),[f ] = Ext
0(N∗C/X ,OL(−1))
∼= Ext0(IC ,OL(−1)) ∼= Ext
1(OC ,OL(−1)).
This implies that if we do the modification of the direct image sheaf f∗OC′ along
the normal direction, the modified sheaf must lie in Ext1(OC ,OL(−1)) bijectively
(cf. [8, Lemma 4.6]). Since M(X, β) is irreducible by [21] and Γ1 can be regarded
as an open subset of M(X, β) due to Lemma 4.11 and [13, Theorem 2], so we get
that Γ2b ⊂ Γ1. 
5. Moduli of pure sheaves of dimension one
Definition 5.1. Let F be a pure sheaf of dimension 1 on X with χF (x, y, z) =
e1x+ e2y + e3z + χ. The p-slope of F is defined to be p(F) = χ/(e1 + e2 + e3). F
is called semistable (stable) with respect to the ample line bundle OX(1, 1, 1) if, for
any proper subsheaf F ′, we have
p(F ′) =
χ′
e′1 + e
′
2 + e
′
3
≤ (<)
χ
e1 + e2 + e3
= p(F)
where χF ′(x, y, z) = e
′
1x+ e
′
2y + e
′
3z + χ
′.
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For every semistable 1-dimensional sheaf F with χF (x, y, z) = e1x+e2y+e3z+χ,
let us define CF := Supp(F) to be its scheme-theoretic support and then it cor-
responds to (e1, e2, e3) = e1t2t3 + e2t1t3 + e3t1t2 ∈ A2(X). We often use slope
stability (resp. slope semistability) instead of Gieseker stability (resp. semistabil-
ity) with respect to L := OX(1, 1, 1), just to simplify the notation; they give the
same condition, because the support is 1-dimensional and so the inequalities for
Gieseker and slopes stabilities are the same.
Definition 5.2. Let M(e1, e2, e3, χ) be the moduli space of semistable sheaves on
X with linear Hilbert tripolynomial χ(x, y, z) = e1x+ e2y + e3z + χ.
Remark 5.3. If we let MX,P7(µ, χ) be the moduli space semistable sheaves in
Gieseker sense on P7 with linear Hilbert polynomial χ(t) = µt + χ, which are
OX -sheaves, then we have a natural decomposition
(7) MX,P7(µ, χ) =
⊔
0≤e1,e2,e3≤µ,
e1+e2+e3=µ
M(e1, e2, e3, χ).
Remark 5.4. Since χF(a,b,c)(x, y, z) = χF(x, y, z) + (e1a+ e2b + e3c), so we have
an isomorphism
M(e1, e2, e3, χ) −→M(e1, e2, e3, χ+ e1a+ e2b+ e3c)
defined by F 7→ F(a, b, c). Thus we may assume that 0 < χ ≤ gcd(e1, e2, e3).
For a positive rational number α ∈ Q>0, a pair (s,F) of a non-zero section
s : OX → F of a sheaf F is called α-semistable if F is pure and for any non-zero
proper subsheaf F ′ ⊂ F , we have
χ(F ′(t)) + δ · α
r(F ′)
≤
χ(F(t)) + α
r(F)
for t ≫ 0. Here r(F) is the leading coefficient of the Hilbert polynomial χ(F(t))
and we take δ = 1 if the section s factors through F ′ and δ = 0 if not. As usual, if
the inequality is strict, we call it α-stable. By [20, Theorem 4.2] the wall happens at
α with which the strictly α-semistability occurs. As a routine, we will write (1,F)
for the pair of a sheaf with F with a non-zero section and (0,F) for the pair of
sheaf with zero section .
Note that there are only finitely many critical values {α1, . . . , αs} for α-stability
with α1 < · · · < αs. Then any α ∈ (αi, αi+1) gives the same moduli spaces of
α-stable pairs. Notice that if α < α1, then α-stability is equivalent to the Gieseker
stability and so there exists a forgetful surjection to the moduli of stable sheaves.
If α > αs, then the cokernel of the pair OX → F is supported at a 0-dimensional
subscheme and so we get the moduli of PT stable pairs.
Let us denote the moduli of α-stable pairs with α < α1 by M
0+(e1, e2, e3, χ)
and with α > αs by M
∞(e1, e2, e3, χ). Then there exists a forgetful surjection
M0+(e1, e2, e3, χ) → M(e1, e2, e3, χ) and M∞(e1, e2, e3, χ) is the moduli space of
PT stable pairs.
Lemma 5.5. For each [C] ∈ H(1, 1, 1, 1), its structure sheaf OC is stable.
Proof. The assertion is clear if C is irreducible. Assume that C is not irreducible.
Let F be an unstabilizing subsheaf of OC and so we have h0(F) > 0. A non-trivial
section of H0(F) induces an injection OD → F with the cokernel G, where D is a
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subcurve of CF and so of C. In particular we have deg(D) = 1 or 2. Now we get a
non-trivial map OCG → G from the natural surjection OC → OCG . It is impossible,
because h1(OD) = 0 and h0(OC) = 1. 
Proposition 5.6. We have
M0+(1, 1, 1, 1) ∼=Mα(1, 1, 1, 1) ∼=M∞(1, 1, 1, 1)
for all α > 0.
Proof. It is enough to show that there is no wall-crossing among moduli spaces.
By [20, Theorem 4.2] the wall occurs at α with which the strict α-semistability
occurs. Assume that (s,F ′) is a subsheaf of (1,F) which induces the strict α-
semistability and whose support has minimal degree. Hence we may assume that
(s,F ′) is α-stable. Since (1,F) is α-semistable, the quotient (s′,G) := (1,F)/(s,F ′)
is α-semistable.
(a) If the Hilbert polynomial of F ′ is t + c for a constant c, then we have
F ′ ∼= OL(c−1) for a line L with c+δ ·α =
1+α
3 . If δ = 1, then we have 3c+2α = 1.
But since F ′ has a non-zero section, we must have c ≥ 1, a contradiction. If δ = 0,
then we have α = 3c− 1 > 0 and so c ≥ 1. Its cokernel is (1,G) where G is a sheaf
with the Hilbert polynomial 2t + 1 − c. Note that χ(G) = 1 − c ≤ 0 and G has a
non-zero section. If the schematic support CG of G is a smooth conic, then we have
G ∼= OCG (−c) and so it cannot have a non-zero section.
(a1) Now assume that CG is a singular conic, say A1∪A2 with {o} := A1∩A2.
First assume that G is locally free and set ai := deg(G|Ai) with a1 ≥ a2. Since G is
locally free, we have deg(G) = a1+ a2 and so a1+ a2 = −c ≤ −1. Since h0(G) > 0,
so we have a1 ≥ 1 and (1,OA1(a1)) gives a contradiction. Now assume that G is
not locally free. Since it has pure rank 1, so its torsion τ is supported at {o} with
deg(τ) = 1. The integers bi := deg(G|Ai/Tors(G|Ai)) satisfy b1 + b2 − 1 = −c ≤ −1
and so b1 + b2 ≤ 0. Without loss of generality we may assume b1 ≥ b2. Since
h0(G) > 0 and G is not locally free, we have b1 > 0 (the case (b1, b2) = (0, 0) has
no section). Also note that if the section of G is zero at a general point of A1, then
we would have b2 > 0, which is not possible. Let N be the kernel of the restriction
map G −→ G|A2 . Since b2 < 0, the non-zero section of G induces a non-zero section
of N . Note that N is an OA1-sheaf. Since G has depth 1, so is N . Thus N is a
rank 1 locally free OA1 -sheaf. Since deg(τ) = 1, we have N ∼= OA1(b1). Therefore
(1,G) has a subsheaf (1,OA1(b1)) and it contradicts the semistability of (1,G).
(a2) So the only possibility of G is G ∼= OB1(k)⊕OB2(−k− c) with k ≥ 0 and
two skew lines B1, B2. But then G has (1,OB1(k)) as a subsheaf, contradicting the
semistability with slope t+ c of (1,G), because t+ k + 3c > t+ c.
(b) Now we assume that the Hilbert polynomial of F ′ is 2t+c. By assumption
(s,F ′) is α-stable. We have c+δ·α2 =
1+α
3 . If δ = 0, then we have 3c = 2 + 2α ≥ 3
and so c ≥ 1. It implies that the cokernel pair is (1,G) with t + 1 − c as its
Hilbert polynomial. Since G ∼= OL(−c) with L a line, it cannot have a non-zero
section, a contradiction. Assume that δ = 1 and then we have 3c + α = 2. Thus
we have c = 0 and α = 2. Lemma 2.5 gives that C := CF ′ is reduced. With no
loss of generality we may assume that C has tridegree (1, 1, 0). Since deg(C) is
the leading term of the Hilbert polynomial of F ′, we get that F ′ has rank 1 at a
general point of each irreducible component of C. First assume that C is smooth.
Since χ(F ′) = 0 and F ′ has a non-zero section, as in (a) the only possibility is
F ′ ∼= OL1(k)⊕OL2(−k−2) with k ≥ 0 and L1, L2 two skew lines. Then (1,OL1(k))
CURVES ON SEGRE THREEFOLDS 17
contradicts the semistability of (1,F). Now assume that C is a reduced conic, say
C = A1∪A2 with A1 of tridegree (1, 0, 0). Set bi := deg(F ′|Ai/Tors(F
′
|Ai
)), i = 1, 2.
Notice that we have an inclusion OAi(bi − 1) →֒ F
′. With no loss of generality
we may assume b1 ≥ b2. First assume that F is locally free. In this case F ′|Ai has
no torsion and b1 + b2 = c − 1 = −1. We get b2 ≤ −1. Since h0(F ′) > 0 we get
b1 > 0 and that s induces a non-zero section s
′ of OA1(b1 − 1). The 2-slope of
(s′,OA1(b1 − 1)) is at least 2, contradicting the 2-stability of (s,F
′). Now assume
that F ′ is not locally free. Since F ′ has pure rank 1, we have b1 + b2 = 0. Since
h0(F ′) > 0 and F ′ is not locally free, we have (b1, b2) 6= (0, 0). Hence b2 < 0 and
b1 > 0. We conclude as in the locally free case. 
Corollary 5.7. We have
H(1, 1, 1, 1) ∼=Mα(1, 1, 1, 1) ∼=M(1, 1, 1, 1)
for all α > 0. In particular they are all irreducible, smooth and unirational varieties
of dimension 6.
Proof. Fix any [C] ∈ H(1, 1, 1, 1). We saw in the proof of Proposition 4.9 that C is
reduced and connected and so h0(OC) = 1. Take (1,OC). When C is irreducible,
then obviously it gives an element ofMα(1, 1, 1, 1) for all α > 0. Hence we see that
a non-empty open part of H(1, 1, 1, 1) survives in M0+(1, 1, 1, 1) and in particular
the latter is non-empty. For [F ] ∈ M(1, 1, 1, 1), there exists a non-zero section
inducing an injection 0 → OCF → F due to the isomorphism M
0+(1, 1, 1, 1) ∼=
M∞(1, 1, 1, 1) by Proposition 5.6. We know that [CF ] ∈ H(1, 1, 1, 1). Thus we
have χOCF (x, y, z) = x + y + z + 1 and so F
∼= OCF . Since h
0(OC) = 1 for all
[C] ∈ H(1, 1, 1, 1), so we haveM0+(1, 1, 1, 1) ∼=M(1, 1, 1, 1). Since H(1, 1, 1, 1) and
M0+(1, 1, 1, 1) are projective and a non-empty open subset of the irreducible variety
H(1, 1, 1, 1) survives inM0+(1, 1, 1, 1), we get a birational surjectionM(1, 1, 1, 1)→
H(1, 1, 1, 1). Indeed this map is an isomorphism due to Lemma 5.5, which gives its
inverse map. Then the assertion follows from Proposition 4.9. 
6. Segre threefold with Picard number two
In this section we take X := P2 × P1 and in most cases we adopt the same
notations as in the case of X = P1 × P1 × P1. For a locally CM curve C ⊂ X with
pure dimension 1, the bidegree (e1, e2) ∈ Z⊕2 is defined to be the pair (e1, e2) of
integers e1 := deg(OC(1, 0)) and e2 := deg(OC(0, 1)), where degree is computed
using the Hilbert function of the OX -sheaves OC(1, 0) and OC(0, 1) with respect to
the ample line bundle OX(1, 1). We also say that C = ∅ has bidegree (0, 0). Since
OC(1, 0) and OC(0, 1) are spanned, we have e1 ≥ 0 and e2 ≥ 0, i.e. (e1, e2) ∈ N⊕2.
We have deg(C) = deg(OC(1, 1)) = e1 + e2. Note that the bipolynomial of OC is
of the form e1x+ e2y + χ for some χ ∈ Z and χ = χ(OC).
As in the proof of Lemma 2.5 we get the following.
Lemma 6.1. Let C ⊂ X be a locally CM curve with the bidegree (e1, e2). If the
bidegree of Cred is (b1, b2) with bi = 0 for some i, then we have ei = 0.
Proposition 6.2. H(1, 1, 1) is smooth and irreducible of dimension 5, and its
elements are reduced.
Proof. Let us fix [C] ∈ H(1, 1, 1). By Lemma 6.1 every 1-dimensional component
of C is generically reduced, i.e. the purely 1-dimensional subscheme E of Cred has
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bidegree (1, 1). We have χ(OC) ≥ χ(OD) for each connected component D of E
and equality holds if and only if D = C. Since we have χ(OD) ≥ 1, we get C = D
and that C is connected. If C is irreducible, then it is a smooth conic. Since NC
is a quotient of TX|C, we get h
1(NC) = 0. It implies that H(1, 1, 1) is smooth at
[C] and of dimension h0(NC) = deg(NC) + 2 = deg(TX|C) = 5. Indeed we have
NC ∼= OP1(2)⊕OP1(1).
Now assume that C is reducible, say the union of a line D1 of bidegree (1, 0)
and a line D2 of bidegree (0, 1). Since deg(D1 ∩D2) ≤ 1 and [C] ∈ H(1, 1, 1)+, we
get deg(D1 ∩ D2) = 1 and that C is nodal. Since h1(TX|C) = 0 and the natural
map TX|C → NC is supported at the point D1 ∩D2, we have H
1(NC) = 0. Hence
H(1, 1, 1) is again smooth at [C] and of dimension deg(NC) + 2 = 5. Since the set
of all such reducible curves is 4-dimensional, so each such curve is in the closure of
the open subset of H(1, 1, 1) parametrizing the smooth curves. 
Proposition 6.3. H(1, 1, 2) is smooth and irreducible of dimension 5. It parametrizes
the disjoint unions of two lines, one of bidegree (1, 0) and the other of bidegree (0, 1).
Proof. By Lemma 6.1 any curve [C] ∈ H(1, 1, 2)+ is reduced. If C is irreducible,
we get χ(OC) = 1, a contradiction. If C = D1 ∪D2 with lines D1 of bidegree (1, 0)
and D2 of bidegree (0, 1), we get D1 ∩ D2 = ∅. Then we have h1(NC) = 0 and
h0(NC) = h
0(ND1) + h
0(ND2) = deg(TX|D1) + deg(TX|D2) = 5. 
Remark 6.4. Using the argument in the proof of Proposition 6.2, we get that
H(1, 1, χ)+ = ∅ if either χ ≤ 0 or χ ≥ 3.
In the case of Segre threefold with Picard number three, the main ingredient is
the knowledge on the Hilbert scheme of double lines. So we suggest the following
results for the Segre threefold with Picard number two, as in Theorem 3.2. As in
the case of P1 × P1 × P1, let Da be the subset of H(0, 2, a)+ parametrizing the
double lines whose reduction is a line of bidegree (0, 1) in X = P2 × P1 for each
a ∈ Z. For the moment we take Da as a set and it would be clear in each case which
scheme-structure is used on it. Since X is a smooth 3-fold, [4, Remark 1.3] says
that each [B] ∈ Da is obtained by the Ferrand’s construction and in particular it is
a ribbon in the sense of [5] with a line of bidegree (1, 0) as its support. Let Ra be
the subset of H(2, 0, a)+ parametrizing the double structures on lines of bidegree
(1, 0).
Proposition 6.5. The description on Ra is as follows:
(1) Ra is non-empty if and only if a ≥ 2. It is parametrized by an irreducible
and rational variety of dimension 2a− 1.
(2) We have Ra = H(2, 0, a)+ for a ≥ 3.
(3) H(2, 0, 2)+ is smooth, irreducible, rational and of dimension 4.
Proof. Each element of Ra is a ribbon in the sense of [5]. For any line L ⊂ X of
bidegree (1, 0) let Ra(L) denote the set of all [A] ∈ Ra such that Ared = L. The set
of all lines of X with bidegree (1, 0) is isomorphic to P1. Any line L ⊂ X of bidegree
(1, 0) has trivial normal bundle and so Ra(L) is parametrized by the pairs (f, g)
with f ∈ H0(OL(a − 2)) and g ∈ H0(OL(a − 2)) with no common zero. Here we
have the convention that (L, f1, g1) and (L, f2, g2) give the same element of Ra(L)
if and only if there is t ∈ C× with f1 = tg1 and f2 = tg2. Hence we get parts (1)
and (2) of Proposition 6.5 for a ≥ 3 and that for any a ≥ 2 each element of Ra is
a split ribbon.
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The setH(2, 0, 2)+ is the disjoint union of R2 and the set T of all disjoint unions
of two different lines of bidegree (1, 0). T is isomorphic to the symmetric product
of two copies of P2 and so it is smooth and rational with dim(T ) = 4. Fix a line
L ⊂ X of bidegree (1, 0) such that L = P1 × {o} with o ∈ P2, and [A] ∈ R2(L)
determined by (f, g) ∈ C2 \ {(0, 0)}, up to a non-zero scalar. The pair (f, g) defines
a degree 2 zero-dimensional scheme v ⊂ P2 with vred = {o}. Let R ⊂ P2 be the
line spanned by v and then A is contained in L × R as a curve of bidegree (2, 0)
and hence it is a flat deformation of a family of pairs of disjoint lines of L × R
and hence of X . We also get that the normal sheaf NA of A in X is isomorphic to
OL ⊕OL(1). Hence we get h1(NA) = 0 and so H(2, 0, 2)+ is smooth at [A]. 
Below we give a description on Da as in Theorem 3.2 and Proposition 6.5, which
can be proven by the same way.
Proposition 6.6. The description on Da is as follows:
(1) Da is non-empty if and only if a ≥ 2. It is parametrized by an irreducible
variety of dimension 2a− 1.
(2) We have Da = H(0, 2, a)+ for a ≥ 3.
(3) H(0, 2, 2)+ is smooth, irreducible, rational and of dimension 4.
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